We introduce a criterion named macroscopic spontaneously symmetry breaking, for short MSSB, for general quasi-local systems with any statistics. It is formulated based on the idea that each pair of distinct phases (appeared in spontaneous symmetry breaking) should be disjoint not only for the total system but also for every outside system of a local region specified by the given quasi-local structure. We show the absence of MSSB for fermion grading transformations that multiply fermion fields by −1.
Introduction
The univalence super-selection rule, which is believed to be a natural law, claims that a superposition of two states whose total momenta are integers and half-integers respectively is impossible [WicWigWign] , see also e.g. § 6.1 of [A5] , III.1 of [H] , § 2.2 of [We] . Nevertheless, if the number of degrees of freedom is infinite as usually considered in statistical mechanics and quantum field theory, then it seems not a priori obvious that fermion grading symmetry assumed for kinematics always leads its preservation in the state level, that is, the absence of spontaneously symmetry breaking. In fact there is a known example of its symmetry breaking (see below). The purpose of this study is, in one word, to prove the univalence super-selection to be as a 'rule'.
We describe our problem reviewing some relevant previous works. First it is well known that if a state is invariant under some asymptotically abelian group of automorphisms, typically as a group of space-translations, then fermion grading symmetry is perfectly unbroken, that is, any such invariant state has zero expectations for all odd elements, [LR] , [P] (also e.g. 7.1.6 of [Ru] , Exam. 5.2.21 of [BR] ), and see [DSu] for the statement of quantum field theory. It seems quite reasonable to think that a similar unbroken theorem holds under a more general setting (without translation invariance). This plausible view, however, has not been well justified so far. (Hence in some works which are not content with assuming tacitly the univalence superselection rule for rigorous treatment as e.g. [Bu] [ BuO] , some translationinvariant assumption was put to guarantee this rule even if for the most part the discussion seems not essentially rely on this assumption. ) We next refer to [NTh] where the (possible) form of symmetry breaking of fermion grading under some condition is given by using a formula based on crossed products. But its connection to the present work is not explored here.
As mentioned before, there is an example of broken symmetry of fermion grading; non-factor quasi-free states of the CAR algebra have odd elements in their centers [MV] . These states are considered as realization of broken symmetry from a usual viewpoint, which however differs from ours. We note that the two mutually disjoint non-even states in the factor decomposition of any non-factor quasi-free state have the common state restriction outside of some tiny local region. It can be said that those non-even states are not thermodynamically distinguishable even though they are disjoint on the total system.
We are led to consider that the conventional definition of spontaneously symmetry breaking based on the non-triviality of the center merely for the total system is too weak to be a most general criterion. We propose the notion of macroscopically disjointness (Definition 1) for general quasi-local systems with arbitrary statistics. It requires the disjointness of given two states not only for the total system but also for every outside system of a local region specified by the given quasi-local structure. In terms of it, we define macroscopic spontaneously symmetry breaking, for short MSSB (Definition 2).
Under a completely model independent setting, Proposition 1 shows the absence of MSSB for fermion grading symmetry for general quasi-local systems which encompass both lattice and continuous, also fermion and fermion-boson systems. Its proof makes use of an idea originated from our previous works on possibility and impossibility of state extension for fermion systems. This proposition can be thought as a kind of another expression of the following powerful statement by D.W.Robinson [R] : "no odd element exists in observable at infinity in the sense of [LRu] ". (However, Proposition 1 is not a direct consequence of any results in [R] and has its own use, for example, in our investigation of temperature states of lattice systems. ) We study temperature states (Gibbs states and KMS states) for arbitrary lattice fermion systems and some lattice systems with fermion-boson statistics satisfying a condition of translation uniformity in § 4. For every even Gibbs state, we have a grading preserving isomorphism from its center onto that of its restriction to the outside system of any local region (Proposition 3). If for a given KMS state (which also satisfies the Gibbs condition) its factor decomposition induces that for its restricted state to every outside system of a local region by taking the state restriction of each factor component state for the total system onto this subsystem (Definition 4), then fermion grading symmetry is shown to be perfectly unbroken.
If there would exist an odd element in the center of an even KMS state, then non-even component states in the factor decomposition of its perturbed state by a local Hamiltonian inevitably violate the local thermal stability condition [AMo1] (with respect to the perturbed dynamics acting trivially on the specified local region), although each of them satisfies the KMS condition.
Notation and some known results
We recall the definition of quasi-local C * -systems. (For references, we refer e.g. to § 2 of [R] , § 2.6 of [BR] , and § 7.1 of [Ru] .) Let F be a directed set with an order relation ≥ and an orthogonal relation ⊥ satisfying the following conditions: a) If α ≤ β and β ⊥ γ, then α ⊥ γ. b) If α ⊥ β and α ⊥ γ, then there exists δ ∈ F such that α ⊥ δ and δ ≥ β and δ ≥ γ. c) For each α, β ∈ F, there exists a unique upper bound α ∨ β ∈ F which satisfies γ ≥ α ∨ β for any γ ∈ F such that γ ≥ α and γ ≥ β. d) For each α ∈ F, there exists a unique α c in F satisfying α c ≥ β for any β ∈ F such that β ⊥ α.
We consider a C * -algebra A provided with the following structure. Let {A α ; α ∈ F} be a family of C * -subalgebras of A with the index set F. Let Θ be an involutive * -automorphism of A determining the grading:
These A e and A o are called the even and the odd parts of A. We define for
If a state ω vanishes all odd elements, namely ω(A) = 0 for all A ∈ A o , then it is called an even state. Let F loc be a subset of F corresponding to the set of indices of all local subsystems and let A loc := α∈F loc A α . We assume L1, L2, L3, L4 as follows: We have in mind that F loc may correspond to the set of all bounded open subsets of a space(-time) region or the set of all finite subsets of a lattice. Concerning the condition d), α c will indicate the complement of α in the total region. (For α ∈ F loc , α c does not belong to F loc but to F.) Usually it is enough to say that A loc is norm-dense in A instead of our L1. But we are in principle working under very general situations (which might include less tractable cases) and hence we settle the above L1 for the necessity in the proof of Proposition 1.
For A ∈ A (and also for A ∈ A α due to the condition L3), we have the following unique decomposition:
In order to ensure that the fermion grading involution Θ acts nontrivially on A, we may put some additional assumption, e.g. that A o α is not empty for all α ∈ F. However, all our results below obviously hold for any trivial cases where fermions do not or rarely exist, e.g. A o αc is empty for some α ∈ F loc .
Though it may be clear from the context, we remark that our terminology 'boson' naively means a commutation relation for disjoint subsystems, not necessarily an assembly of boson particles satisfying the canonical commutation relations (CCR). Hence a quantum lattice spin system with its tensor product quasi-local structure is referred to as a system of boson statistics. We give the notion of macroscopic spontaneously symmetry breaking for a group G representing a symmetry based on Definition 1 as follows.
Definition 2. Let G be a group and τ g (g ∈ G) be its action of * -automorphisms on a quasi-local system (A, {A α } α∈F loc ). Suppose that τ g commutes with a given (temporal) dynamics for every g ∈ G. Let Λ denote a set of interested physical states (e.g. the set of all ground states or all equilibrium states at some temperature for the given dynamics), and Λ G denote the set of all G-invariant states in Λ. Let ω be an extremal point in Λ G . Suppose that ω has a factor state decomposition in Λ as ω = dµ(g)τ * g ω 0 such that ω 0 is a factor state in Λ (but not in Λ G ) and also the factor state τ * g ω 0 is in Λ for any g, where µ is some probability measure or weight on G. If ω g and ω g ′ are macroscopically disjoint for each g = g ′ of G, then it is said that the G-symmetry is broken macroscopically.
In the above, we assume that it is possible to construct an invariant mixed phase ω from a breaking pure phase ω 0 by averaging. So we have in mind that G may be some compact group and µ be its some normalized Haar measure. (There are some important cases where such averaging procedure to restore the symmetry from broken phases is not available as pointed out in [BuO] .)
Let ω be a state of a quasi-local system (A, {A α } α∈F loc ). It is said that ω satisfies the cluster property (with respect to the quasi-local structure {A α } α∈F loc ) if for any given ε > 0 and any A ∈ A there exists an α ∈ F loc such that
for all B ∈ β⊥α A β . It is shown in [R] and Theorem 2.6.5 [BR] that every factor state satisfies the cluster property. Note however that non-factor quasi-free states of the CAR algebra satisfy the cluster property with respect to the natural quasi-local (lattice) structure used in their construction, see [MV] for details.
The following theorem asserts that fermion grading symmetry cannot be broken macroscopically without any assumption on anything. A remarkable thing is that the statement makes no reference to the dynamics. The key idea of the proof is the notion of state extension, a little more precisely, the impossibility of state extension for non-even states prepared on disjoint regions. (The state extension for fermion systems is extensively studied in [Mo1] [Mo2].) We are using essentially no more than the canonical commutation relations (CAR) for its proof. Proposition 1. Let ω be a state of a quasi-local system (A, {A α } α∈F loc ) and Θ denote the fermion grading involution of A. Suppose that ω satisfies the cluster property with respect to the quasi-local structure {A α } α∈F loc . Then ω and ωΘ cannot be macroscopically disjoint. In particular, fermion grading symmetry cannot be broken macroscopically.
Proof. Suppose that ω and ωΘ are macroscopically disjoint. Then ω and ωΘ restricted to A αc are disjoint for each α ∈ F loc . Hence it follows from a well known fact that
This is equivalent to the existence of an odd element A − ∈ A o αc such that
By (3) and L1, we have that A loc ∩ A e δ is norm dense in A e δ and so is
Hence from (6), we have some A − in A o γ for some γ ∈ F loc such that γ ≤ α c , A − ≤ 1 and
(In the above, A − in (6) belonging to A αc is approximated by A − in (7) belonging to A o γ ; we use a sloppy notation for A − .) By the following decomposition of A − into hermitian elements
Hence we have
Due to the cluster property assumption (4), for a sufficiently small ε > 0 and the above specified A − ∈ A o γ there exists an α ′ ∈ F loc such that
for all B ∈ β⊥α ′ A β . By (5) with α = γ ∨ α ′ , the same argument leading to (9) implies that there exists
Substituting the above B − to B in (10), and using (9) and (11), we have
is a purely imaginary number, which however contradicts with (12). Now we have shown that ω and ωΘ cannot be macroscopically disjoint. Accordingly, the possibility of MSSB (Definition 2) for the symmetry Θ is negated. 2
4 On the centers of temperature states of lattice systems and fermion grading symmetry for such states
From now on, we consider the lattice fermion systems [AMo2] and also the lattice fermion-boson systems [A4] satisfying the translation uniformity to be specified. Take a lattice for F (e.g. Z ν , ν-dimensional cubic integer lattice). Let F loc be a set of all I of F with its finite cardinality. We assume that there is a finite number of degrees of freedom on each site of the lattice. For the lattice fermion-boson systems, we further assume that the subalgebra A {i} on each site i ∈ F is isomorphic to a d × d full matrix algebra, d being independent of i. Hence for each I ∈ F loc , A I is isomorphic to a d |I| × d |I| full matrix algebra, and A is a UHF algebra of type d ∞ by Lemma 2.1 of [A4] . (As an example of the lattice fermion-boson systems, A {i} is generated by fermion operators a i , a * i , and spin operators represented by the Pauli matrices σ x i , σ y i , σ z i which commute with all fermion operators and all spin operators with different indexes.) We repeat that the term 'boson' means the commutation relation for disjoint regions not boson particles satisfying the CCR.
We denote the conditional expectation of the tracial state from A onto A J by E J . The interaction among sites is determined by the potential Φ, a map from F loc to A satisfying the following conditions:
(Φ-e) For each fixed I ∈ F loc , the net {H J (I)} J with H J (I) := K Φ(K); K∩ I = ∅, K ⊂ J is a Cauchy net for J ∈ F loc in the norm topology converging to a local Hamiltonian H(I) ∈ A.
Let P denote the real vector space of all Φ satisfying the above conditions. The set of all * -derivations with their domain A loc commuting with Θ is denoted D(A loc ). There exists a bijective real linear map from Φ ∈ P to δ ∈ D(A loc ) for the lattice fermion systems (Theorem 5.13 of [AMo2] ), and similarly for the lattice fermion-boson systems (Theorem 4.2 of [A4] ). The connection between δ ∈ D(A loc ) and its corresponding Φ ∈ P is
for every I ∈ F loc , where this local Hamiltonian H(I) is given by (Φ-e) for the above Φ.
The condition (Φ-d) indicates the standardness fixing ambiguous terms (such as scalars) irrelevant to the dynamics given by (13). We remark that any product state, for example the Fock state, can be used in place of the tracial state for E J to obtain a similar one-to-one correspondence between δ and Φ. Furthermore, characterizations of equilibriums states, such as LTS, Gibbs (and also the variational principle for translation invariant states), have been all shown to be independent of the choice of those product states [A4] .
One of important characterizations of equilibrium states for quantum systems, so called the Gibbs condition, was first defined for the lattice spin systems in [AI] , and then extended to the lattice fermion systems in § 7.3 of [AMo2] , and to the above lattice fermion-boson systems in [AMo2] . Let Ω be a separating vector of a von Neumann algebra M on H and ∆ denote the modular operator for (M, Ω), see [T] . The state ω on M given by ω(A) = (Ω, AΩ) for A ∈ M satisfies the KMS condition for the modular automorphism group σ t := Ad(∆ it ), t ∈ R, at the inverse temperature β = −1 and is called the modular state with respect to σ t . The following definition works for any lattice system under consideration.
Definition 3. Let ϕ be a state of A and H ϕ , π ϕ , Ω ϕ be its GNS triplet. It is said that ϕ satisfies the Gibbs condition for δ ∈ D(A loc ) at inverse temperature β ∈ R, for short (δ, β)-Gibbs condition, if and only if the following conditions are satisfied : (Gibbs-1 ) The GNS vector Ω ϕ is separating for M ϕ := π ϕ (A) ′′ . For (M ϕ , Ω ϕ , H ϕ ), the modular operator ∆ ϕ and the modular automorphism group σ ϕ,t are defined. Let σ βH(I) ϕ,t denote the one-parameter group of * -automorphisms determined by the generator δ ϕ +δ πϕ(βH(I)) , where δ ϕ denotes the generator for σ ϕ,t and δ πϕ(βH(I)) (A) :
(Gibbs-2 ) For every I ∈ F loc , σ βH(I) ϕ,t fixes the subalgebra π ϕ (A I ) elementwise.
The modular state for σ [BR] . ) We show the product property of ϕ βH(I) in the following sense.
Lemma 2. Let ϕ be a (δ, β)-Gibbs state for δ ∈ D(A loc ) and β ∈ R. If it is even, then for each I ∈ F loc , ϕ βH(I) is a product state extension of the tracial state tr I on A I and its restriction to A Ic , as denoted
Proof. It has been already shown in Proposition 7.7 of [AMo2] for the lattice fermion systems. (Furthermore, this proposition claims that the product property (14) implies the evenness of the Gibbs state ϕ. But we do not need this result.) We can easily verify this statement for the lattice fermion-boson systems as well. We shall, however, provide its slightly simpler proof. In Theorem 9.1 of [A2] it is shown that
for every Q 1 , Q 2 ∈ A I and Q ∈ A ′ I , the commutant of A I in A. From this, ϕ βH(I) is a product state extension of the tracial state tr I on A I and its restriction to A ′ I . Since ϕ is an even state and H(I) is an even self-adjoint element, ϕ βH(I) is also even. It is easy to see
where We provide a grading structure with von Neumann algebras generated by even states. For an even state ω, let H ω , π ω , Ω ω be a GNS triplet of ω and let M ω denote the von Neumann algebra generated by this representation. We denote Z ω := M ω ∩ M ′ ω , the center of M ω . Let U Θ,ω be a unitary operator of H ω implementing Θ, and Θ ω := Ad(U Θ,ω ). Then even and odd parts of M ω are given by
Let N be a subalgebra of M ω . We give its grading as
where the superscripts e(Θ ω ) and o(Θ ω ) indicate that the grading is with respect to Θ ω . For any A ∈ M ω (also A ∈ N), we have its unique decomposition A = A + +A − as (3) such that A + ∈ M e ω (N e(Θω) ) and A − ∈ M o ω (N o(Θω) ). Let ω 1 and ω 2 be even states on A. Let N 1 and N 2 be some subalgebras of M ω 1 and M ω 2 , respectively. If there is an isomorphism η from N 1 onto N 2 , i.e. N 1 and N 2 are isomorphic, then we indicate it by N 1 ∼ N 2 . If there is an isomorphism η from N 1 onto N 2 such that for any A ∈ N 1 which is a weakly limit of some π ω 1 (A {k} ) with A {k} ∈ A, η(A) is a weakly limit of {π ω 2 (A {k} )}, then we shall indicate this relation by N 1 ≃ N 2 . It is said that η is Θ-preserving, if it maps N Proposition 3. Let ϕ be an even (δ, β)-Gibbs state. For I ∈ F loc , let ϕ Ic denote the state restriction of ϕ onto A Ic . Then there is a Θ-preserving isomorphism between the centers of the von Neumann algebras generated by the GNS representations of ϕ and ϕ Ic for any I ∈ F loc . Especially, ϕ is a factor state if only if so is ϕ Ic .
Proof. Let H ϕ , π ϕ , Ω ϕ be a GNS triplet of ϕ, and Ω Ic are quasi-equivalent having an obvious isomor-
It is clear that this η is Θ-preserving. Taking its restriction onto the center, we have
We shall construct a GNS representation of ϕ βH(I) (on A) as a tensor product representation of the above H ϕ βH(I)
Ic

, π ϕ βH(I)
Ic
, Ω βH(I) ϕ on A Ic and a GNS representation of the tracial state tr I on A I which will be denoted K I , κ I , Ω I . Define
where 1 I and 1 Ic are the identity operators on K I and H ϕ βH(I)
, v I is given by (16). Noting Ad(v I ) = Θ| A I , we have a unique representation κ of the total system A on K satisfying
and
Ic . (22) By (14) we verify that this K, κ, Ψ gives a GNS triplet of ϕ βH(I) . We have also
Since ϕ βH(I) Ic is even, and is Θ| A Ic -invariant, we have a unitary operator denoted U Ic ∈ B(H ϕ βH(I) Ic ) which implements Θ| A Ic in its GNS space. For tr I on A I , κ I (v I ) ∈ B(K I ) is a unitary operator implementing Θ| A I . By the construction of K, κ, Ψ ,
gives a unitary operator which implements Θ for ϕ βH(I) . This U specifies a grading for M κ splitting into M e κ and M o κ by the formula (17). Also the center Z κ := M κ ∩ M ′ κ is decomposed into Z e κ and Z o κ . Note that the center of the tensor product of a pair of von Neumann algebras is equal to the tensor product of their centers by the commutant theorem (Corollary 5.11 in I.V. of [T] ). Since A I is a full matrix algebra, and the center of any state on it is trivial, we have
which should be understood as an equality of sets, the two von Neumann algebras. From (24) it follows that
Thus the imbedding map from Z ϕ βH(I)
Since K, κ, Ψ and H ϕ , π ϕ , Ω βH(I) ϕ are both GNS representations of the same state ϕ βH(I) on A, they are unitary equivalent. Thus there is a unitary isomorphism from M κ onto M ϕ , where we have noted that the representation H ϕ , π ϕ , Ω βH(I) ϕ obviously induces the same von Neumann algebra as H ϕ , π ϕ , Ω ϕ , namely M ϕ . Taking its restriction to the center, we have a Θ-preserving unitary isomorphism from Z κ onto Z ϕ :
Combining (27) (28) with (19), we have
Our assertion follows from the relation
We define the following natural postulate about the centers of a state among subsystems.
Definition 4. Let ω be a state of a quasi-local system (A, {A α } α∈F loc ). Let ω = dµ(ω λ )ω λ be its factor decomposition, where each ω λ in the integrand is a factor state of A; ω λ and ω λ ′ are disjoint for each λ = λ ′ ; dµ denotes a probability measure on such states. For every α ∈ F loc , if the factor decomposition of ω induces that for its restriction onto A αc by taking the restriction of each ω λ onto A αc , namely, the convex sum dµ(ω λ )ω λ | Aα c gives the factor decomposition of ω| Aα c , then it is said that the centers of ω are compatible with respect to the quasi-local structure.
So far there has not been found any example which does not satisfy the above compatibility condition of centers with respect to a given quasi-local structure. (Note that all quasi-free states including non-factor quasi-free states fulfill this condition.)
For some technical reason necessary for the proof of Proposition 5 we shall work with KMS states [HHuWi] (not directly with Gibbs states). We hence assume the existence of a one-parameter group of * -automorphisms α t (t ∈ R) of A.
Definition 5. A state ϕ is called an α t -KMS state at inverse temperature β ∈ R or (α t , β)-KMS state if it satisfies ϕ Aα iβ (B) = ϕ(BA) for every A ∈ A and B ∈ A ent , where A ent denotes the set of all B ∈ A for which α t (B) has an analytic extension to A-valued entire function α z (B) as a function of z ∈ C.
We need the following assumptions in order to relate α t with some δ ∈ D(A loc ). (I) The dynamics is even: α t Θ = Θ α t for any t ∈ R.
(II) The domain of the generator δ α of α t includes A loc . (III) A loc is a core of δ α .
The next proposition asserts the equivalence of the KMS and Gibbs conditions under (I, II, III). The proof was given for the lattice fermionboson systems in Theorem 7.5 (the implication from KMS to Gibbs under the assumption (I, II)) and Theorem 7.6 (the converse direction under the assumption (I, II, III)) of [AMo2] . The proof for the lattice fermion-boson systems can be done in much the same way as above and we shall omit it. We emphasize that this equivalence does not require the evenness of states, which is essential for the proof of the statement (B) in the next section.
Proposition 4. Let α t be a one-parameter group of * -automorphisms of A satisfying the conditions (I, II, III). Let δ(∈ D(A loc )) be the restriction of its generator δ α to A loc . Then a state ϕ of A satisfies (α t , β)-KMS condition if and only if it satisfies (δ, β)-Gibbs condition.
We denote the set of all (α t , β)-KMS states by Λ αt,β . In the following Proposition, some well known properties of KMS states (which are not yet shown for Gibbs states) are used.
Proposition 5. For any dynamics α t satisfying (I, II, III), every (α t , β)-KMS state satisfying the condition of Definition 4 is even at any inverse temperature β ∈ R.
Proof. Let ϕ ∈ Λ αt,β . We can assume that ϕ is a factor state, because every component state in the factor decomposition of ϕ belongs to Λ αt,β (see e.g. Theorem 5.3.30 [BR] ), and hence it suffices to show the evenness of such a state. Suppose now that ϕ is non-even.
By the assumed commutativity of α t with Θ, ϕΘ is also in Λ αt,β (Proposition 5.3.33 [BR] ).
Since ϕ is assumed to be non-even, ϕ and ϕΘ are different KMS states for the same dynamics α t and hence disjoint (Theorem 5.3.30 [BR] ). By the condition of Definition 4 which is now assumed, the disjointness of ϕ and ϕΘ implies that of their restricted states ϕ| A Ic and ϕΘ| A Ic for every I ∈ F loc . Hence it follows that ϕ and ϕΘ are macroscopically disjoint with respect to {A I } I∈F loc .
We now use the assumption that ϕ is a factor state. The macroscopic disjointness of ϕ and ϕΘ just derived above contradicts with Proposition 1. Hence any extremal state in Λ αt,β should be even. (B) Non-even factor component states of ϕ βH(I) violate the local thermal stability condition for the dynamicsδ acting trivially on A I with its potentialΦ (34) below, even though they satisfy the KMS condition for this dynamics.
The content of the local thermal stability condition is summarized in the Appendix, see [AMo1] for details. It is desirable to have similar statements to the above (A) and (B) for ϕ. However, we cannot do so due to some obstacles. Instead we shall consider its perturbed state ϕ βH(I) which can be treated easier because of its product property shown in Lemma 2.
We use the GNS representation K, κ, Ψ of ϕ βH(I) previously defined in (20) (21) (22). Let p be a non-zero projection in Z κ which has a unique even-odd decomposition p = p + + p − such that p + ∈ Z e κ and p − ∈ Z o κ . By (25) we can write p = 1 I ⊗ q Ic with some q Ic ∈ Z ϕ βH(I)
. By (26) 
For A + ∈ A e Ic , we have
where in the last equality we have used the evenness of ϕ βH(I) . For
where we used tr I (v I ) = 0. If p is even, i.e. p + = 1 I ⊗ q Ic+ with q Ic+ ∈ Z e ϕ βH(I)
, then from (31), (32), and ϕ βH(I) (A − ) = 0 for any A − ∈ A o , it follows that
We start the proof of (A). Suppose that Z o κ is non empty. Then by ( We shall give the exact meaning of the statement (B) and prove it. From the given δ ∈ D(A loc ), the restriction of the generator of α t to A loc , we constructδ ∈ D(A loc ) as follows. Let Φ denote the potential uniquely determined by δ. For a given I ∈ F loc , we define a new potentialΦ bỹ
We denote the derivation corresponding toΦ byδ ∈ D(A loc ). By definition, δ acts trivially on A I . The one-parameter group of * -automorphisms of A for the above generatorδ is denotedα t , which is given by the perturbation of α t by H(I) (in terms of the Dyson-Schwinger expansion series, see § 5.4 of [BR] ). Then by the basic result (Proposition 4 and also its proof which we can find in [AMo2] ) ϕ βH(I) satisfies (α t , β)-KMS and also (δ, β)-Gibbs conditions. Suppose that Z o κ is not empty. Then there is an odd projection f in Z o κ . Take p f := 1/2(1 + f ) and let ψ := 2ϕ βH(I) <p f > by substituting this p f into p of (30). It is a non-even component state in the factor decomposition of ϕ βH(I) . We easily see that ψΘ is equal to 2ϕ
By definition their averaged state 1/2(ψ + ψΘ) is equal to ϕ βH(I) , whose corresponding central projection is obviously scalar. Note that all ϕ βH(I) , ψ, and ψΘ are all (α t , β)-KMS states, and hence also (δ, β)-Gibbs states by Proposition 4.
We consider the state restrictions of ϕ βH(I) , ψ, and ψΘ onto A Ic . Since the even parts of p f and p −f are scalar by definition, it follows from (31) that
Also, since all of them are even when restricted to A Ic by (32), we have
The local Hamiltonians for the new potentialΦ determined by the formula (Φ-e) are denoted {H(J)} J∈F loc . By (34), 
Since ϕ βH(I) = ψ, the former is even and the latter is non-even, it follows from this equality and the strictly positivity of relative entropy (see e.g. [A3] ) that
By the automorphism invariance (acting two states in the argument) of relative entropy, we have S I (ψΘ) = S I (ψ).
Substituting (36), (37) (39) with (40) into (43), we obtain FΦ I,β (ψ) = FΦ I,β (ψΘ) < FΦ I,β (ϕ βH(I) ) = 0.
This strict inequality with (35) shows that ψ and ψΘ do not satisfy (Φ, β)-LTS condition (44), though both of them satisfy (δ, β)-Gibbs condition.
was defined only for the lattice fermion systems. But it is easy to see that the same formulation is available also for the lattice fermion-boson systems under consideration. Let S(ω 1 , ω 2 ) denote the relative entropy of states ω 1 and ω 2 . We use the notation of [A3] , hence it is expressed as ω 2 (log ω 2 −log ω 1 ) in shorthand. Let ω be a state of (A, {A I } I∈F loc ). For I ∈ F loc , the conditional entropy of ω is given by S I (ω) := −S(tr I • ω| A Ic , ω) = −S(ω · E Ic , ω) ≤ 0,
where E Ic is the conditional expectation onto A Ic with respect to the tracial state. Let Φ ∈ P. The conditional free energy of ω for I ∈ F loc is given by 
where H(I) is a local Hamiltonian for this Φ. 
for any state ω satisfying ω| A Ic = ϕ| A Ic .
We note that in [AMo1] there is an alternative definition of LTS taking the commutant algebra A ′ I as the outside system of A I instead of A Ic . We shall call this formalism LTS ′ condition, where the superscript '′' stands for the commutant. We showed the equivalence of KMS and LTS ′ conditions for the lattice fermion systems without assuming the evenness on states. (Due to the formalism using the commutant, we can make use of the arguments for the lattice spin systems [AS] essentially in the same manner.) On the contrary, for our LTS (taking a natural choice of the outside systems), the evenness assumption on the states was required in deriving its equivalence to the KMS condition. Furthermore in § 5 of this work, we show that if there is a non-even KMS state, then the KMS condition does not imply the LTS condition.
We shall remark on an analogous result obtained for ground states of fermion lattice systems. Without evenness assumption on the states, [Ma] showed that the ground state condition (Definition 5.3.18 [BR] ), that is, a state ϕ satisfies −ϕ A * δ(A) ≤ 0 for all elements A in the domain of the generator δ, is equivalent to the variational characterization of zero energy
